Lessons from the path problem
Solution 1 shows that a clever labeling method is quite useful.
Solution 2 shows that problems that involve enumeration can benefit from transforming the problem into an equivalent problem that is easier to solve. Then, it shows that it might be easier to overcount at first then correct the total for the overcounting. Finally, the solution also demonstrates the formula for letter rearrangement: (number of letters)! divided by the factorial of each repeat.
Solution 3 shows another transformation of the problem into an equivalent problem. It also shows the concept behind the very important formula for the combination: the number of ways to choose r items from n objects, where the order in which the items are chosen doesn't matter. 7) Ten distinct points are placed on the circumference of a circle and chords are drawn connecting all possible pairs of these points. No three of these chords pass through the same point. Determine the number of intersection points formed inside the circle.
8) How many (true) 6 digit numbers have a sum of digits equal to 9?
Problem of the Week
How many positive integers have digits that are in strictly increasing order?
The grid consists of two grids with a common corner. There are 10 C 5 = 252 ways to go from A to the common corner. There are 8 C 3 = 56 ways to go from the common corner to B. So, there are 252  56 = 14112 paths in total.
2) [Classic] Any 6 distinct digits, when ordered from greatest to least, forms a 6 digit number whose digits are in strictly decreasing order. There are 10 C 6 = 210 ways to unique ways choose 6 of the 10 digits and hence 210 unique 6 digit numbers whose digits are in strictly decreasing order.
3) [Classic] If the center hole were filled in, there would be 16 C 8 = 12870 paths from A to B. Some of these paths pass through the center hole and the rest do not. Determining the number of paths passing through the center hole is just like problem #1, i.e. the grid would look like two 4  4 grids joined at a common corner. Thus, the number of paths passing through the center hole is ( 8 C 4 )( 8 C 4 ) = (70)(70) = 4900. So, the number of paths not passing through the center hole is 12870 -4900 = 7970.
4) [Raymond Cheong]
The prime factorization of the number is 1 1 2 2 3 3 4 4 5 5 6 6 = (2 2 )(3 3 )(2 8 )(5 5 )(2 6 3 6 ) = 2 16 3 9 5 5 . Any factor of this number has a prime factorization of 2 a 3 b 5 c where a is between 0 and 16, b is between 0 and 9, and c is between 0 and 5, all inclusive. Thus, there are 17 choices for a, 10 choices for b, and 6 choices for c, for a total of 1020 factors.
5) [Mathematical Circles]
Solution 1: There are 10 C 5 = 252 ways to choose one member of each pair, then the remaining five members can be assigned to the pairs in 5! ways. But we could assign each pair in 2 different orders (A then B, or B then A) so there are 2 5 different listings. In total, the number of pairs is 252  5! / 2 5 = 945.
Solution 2: Label the 10 people A, B, C, D, E, F, G, H, I, and J. All pairings can be put in a "standard order" in which (1) the members in each pair are put in alphabetical order, then (2) each pair is treated as a word and the words are alphabetized. One example of 5 pairs put in this standard order is: AE, BF, CD, GJ, HI. Note that any set of 5 pairs has a unique standard order and any five 2-letter words (made of the letters A-J) in standard order represents a unique pairing. The question then becomes how many standard orderings are there?
Each standard order can be constructed by the following algorithm. First, choose the lowest alphabetical remaining person. Second, choose anyone else as the pair to this person. Then, repeat steps 1 and 2 until all the pairs are designated. By this algorithm it is easy to see there are (1
Solution 3: Suppose that 2n people can be put into n pairs in M different ways. If we were to add two new people, then the number of pairings can be determined as follows. First, the two new people could be paired together and the other 2n people can be paired in the M ways. Second, one of the n pairs could be split up and paired with the two new people. There are two ways to pair with the new people, n pairs to choose from, and M different sets of pairs, for 2nM ways. So, the total number of ways to pair 2n+2 people is M + 2nM = (2n + 1)M.
Since 2 people (n = 1) can be put into pairs in just 1 way, we have 2 people 1 pairings 4 people 1  3 pairings 6 people 1  3  5 pairings 8 people 1  3  5  7 pairings 10 people 1  3  5  7  9 = 945 pairings. If there are n points, the number of interior intersection points is n C 4 , since the two intersecting lines that define any such point have a total of 4 ends, and any set of 4 points are the ends of just one pair of intersecting lines. So, the answer is 10 C 4 = 210.
8) [Adapted from Mathematical Circles (Tom Davis, Combinatorial Problems, #24)]
Suppose for a moment that the first digit does not have to be non-zero. Then, according to the partition formula, the sum of 9 can be distributed into the 6 digits in (9 + 6 -1) C (6 -1) =
